The action di usion of an area preserving map, whose linear frequency is stochastically perturbed, is described by a Fokker-Planck equation with a coe cient obtained from the normal form. The local properties are investigated on the standard map and the angle is shown to have a fast relaxation. A comparison is made with the di usive process determined by a slow periodic modulation of the frequency.
Introduction
The di usion in Hamiltonian systems with a stochastically perturbed linear frequency is well described by a one dimensional Fokker-Planck equation for the action variable 1] , since the angle relaxes very rapidly to a uniform distribution. We show here that the same picture holds for polynomial area preserving maps such as the quadratic H enon map, when no relevant resonant structures are present. In this case the map is quasi-integrable and its phase space structure is accurately reproduced by the nonresonant normal forms, up to the boundary of unbounded motion. The action di usion coe cient is explicitly computed from the interpolating hamiltonian whose stochastic perturbation is a non stationary process; it turns out to be the same as for a related hamiltonian where the perturbation is the derivative of a Wiener process. The model is suggested by beam dynamics where the noise is due to the high frequency components of the current feeding the quadrupolar magnets, and can be generalized. The comparison of the distribution functions obtained from the simulation and the solution of the Fokker-Planck equation is very favorable not only for the H enon map but also for more complex maps describing the magnetic lattice of a real machine 2] . The local properties of di usion emerge by inspecting the standard map, and a solvable isochronous model proves to give an accurate description of the action di usion. The mechanism of angle relaxation is quite di erent: indeed whereas for the isochronous model the angle and action relaxation times are comparable, for the anisochronous model the angle relaxation time is much faster. This is shown by computing the angle correlation which grows cubically rather than linearly in time.
For a comparison the e ect of a slow periodic modulation of the linear frequency is brie y considered. When the amplitude of the modulation is small then in agreement with the adiabatic theory 3] the action di uses in an interval corresponding to the region swept by the separatrices of a chain of islands until a uniform distribution is reached; above a critical value the regions swept by adjacent chains of islands overlap and the di usion extends over wider regions of phase space. We consider here the following area preserving map
Stochastic maps
where n are random variables with zero mean and variance 2 , and R( ) is the rotation matrix of angle . We apply the theory of normal forms 4] looking for a change of coordinates (X; P) ! (x; p) close to the identity such that the map takes an integrable form U and we introduce the action and angle for the normal coordinates X; P according to the standard relation X = p 2J cos , P = ? p 2J sin . More explicitly we have : 8 < :
x = x (X; P) = X + : : : = x (J; ) p = p (X; P) = P + : : : = p (J; ) 
Local properties
The local properties of any area preserving map are the same as for the standard map For the standard map we have computed the di usion coe cient D(J) by choosing the points on an invariants curve of action J, uniformly distributed in , transforming them back to the original coordinates (j; ) with . The evolution (j n ; n ) is given by (3.1) and ?1 maps back the points to the normal coordinates (J n ; n ) for which we compute the di usion coe cient according to D = lim n!1 h(J n ? J 0 ) 2 i=(2n). We have chosen n large enough to allow the con- An alternative way to obtain this result consists in writing the map (3.1) in normal coordinates 8 > < > : J n+1 = J n ? n @v 1 @ (J n ; n + J n ) n+1 = n + J n ? n @u 1 @ (J n ; n + J n ) (3:5) where only terms of order 2 Indeed the angle has a fast evolution the contribution of J n is dominating over n @u 1 =@ so that the map can be approximated by 8 < :
In order to justify this approximation we make a a priori estimate that the time needed for the angle to relax is ?2=3 whereas the action di usion time is J ?2 . If so choosing n ?1 we are in a range where the angle has relaxed while the action di usion is negligible. As a consequence J n varies by a small amount and since the angle distribution is uniform we may replace @v 1 =@ with its mean square with respect to . From (3.7) we get J n = J 0 + p 2D w n ; w n = 0 + 1 + : : : + n?1 (3:8) where w n is the discrete analogue of a Wiener process since hw n w n 0 i = min(n; n 0 )
Replacing (3.8) 
Modulated maps
When the stochastic modulation is replaced by a slow periodic modulation namely given the map (2.7) where R( n ) is replaced by R(! cos n), then for small the action di uses in an interval corresponding to the region swept by the \separatrix" The dynamic e ect of modulation is taken into account by replacing with (t) = !(1+ cos t)?2 p=q. To this slowly modulated hamiltonian we can apply Neishtadt's theory, that predicts a di usion of action in the interval swept by the separatrices with nal relaxation to a uniform distribution within a time proportional to ?2 . This is con rmed by the simulations carried out for the H enon map. When is above a critical value the regions swept by two or more adjacent chains of islands overlap and the di usion occurs in their union. The last case is usually beyond the realm of perturbation theory and no complete theoretical treatment is still available.
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